We give sufficient conditions for existence of a perfect matching in a graph in terms of the eigenvalues of the Laplacian matrix. We also show that a distance-regular graph of degree k is k-edge-connected.
Introduction
A matching of a graph Γ is a set of mutually disjoint edges. A matching is perfect if every vertex of Γ is incident with an edge of the matching. A perfect matching is also called a 1-factor. A set of vertices of Γ that is incident with all edges of Γ is called a vertex cover of Γ. For perfect matchings in bipartite graphs, Frobenius [6] gave the following characterization.
Theorem 1.1 (Frobenius) A bipartite graph with v vertices has a perfect matching if and only if each vertex cover has size at least v/2.
Similar results are due to König [10] and Hall [8] . The characterization of Frobenius implies that the adjacency matrix of a bipartite graph with no perfect matching must be singular. So a bipartite graph with only nonzero adjacency eigenvalues has a perfect matching. For regular bipartite graphs (of positive degree), Frobenius' characterization implies that there is always a perfect matching (König [9] ). Because a graph with adjacency eigenvalues λ 1 ≥ . . . ≥ λ v is regular if and only if vλ 1 = v i=1 λ 2 i , the latter condition can also be interpreted as a sufficient eigenvalue condition for the presence of a perfect matching in a bipartite graph.
For perfect matchings in arbitrary graphs we have the following characterization by Tutte [11] . (An odd component is a component with an odd number of vertices.) This characterization generalizes Theorem 1.1 (in a bipartite graph with no perfect matching take S to be a vertex cover of size less than v/2), but by no means it implies that the two mentioned sufficient conditions for complete matchings in bipartite graphs also work in general. Indeed, Figure 1 gives counterexamples for both cases. The first graph has a nonsingular adjacency matrix and yet no perfect matching, and the second one is regular with no perfect matching. In this note we look for sufficient conditions for perfect matchings in We shall show that Tutte's result implies that a graph on v vertices with v even, whose Laplacian eigenvalues satisfy 2µ 2 ≥ µ v , has a perfect matching. For regular graphs with v even, we prove that µ 2 ≥ 1 is already sufficient for existence of a perfect matching.
Arbitrary graphs
In this section we will use an inequality for disconnected vertex sets in graphs, due to the second author (see [7] , Lemma 6.1). Two disjoint vertex sets A and B in a graph are called disconnected if there are no edges between A and B.
Lemma 2.1 If A and B are disconnected vertex sets of a graph with v vertices and Laplacian eigenvalues
Another tool is the following elementary lemma.
Proof. Induction on n. 
Proof. Assume Γ = (V, E) has no perfect matching. By Tutte's theorem there exists a set S ⊂ V of size s (say), such that the subgraph Γ of Γ induced by
First assume v ≤ 3s + 3. Then Γ has at most 2s + 3 vertices and at least s + 2 components. By Lemma 2.2, Γ and hence Γ, has a pair of disconnected vertex sets A and B with |A| =
, where = 0 if v − s is even and = 1 if v − s is odd. Using v ≥ 2s + 2 we obtain
Hence 2µ 2 < µ v . Next assume v ≥ 3s + 4. Now Γ , and hence Γ, has a pair of disconnected vertex sets A and B with |A| + |B| = v − s and min{|A|, |B|} ≥ s + 1, so
The complete bipartite graphs K m,n with m ≤ n have Laplacian eigenvalues µ 2 = m and µ v = v = m + n. This shows that 2µ 2 can get arbitrarily close to µ v for graphs with v even and no perfect matching.
Regular graphs
For regular graphs the condition of the previous section can be improved. 
has a perfect matching. [5] , p.19) applied to the subgraph induced by the union of Γ 1 , Γ 2 and Γ 3 gives i ≤ λ i for i = 1, 2, 3.
Proof. Let Γ = (V,
Consider Γ 3 with n 3 vertices and e 3 edges (say). Then 2e 3 = kn 3 − t 3 ≤ n 3 (n 3 − 1). We saw that t 3 < k and n 3 > 1, hence k < n 3 . Moreover, the average degree d 3 of Γ 3 equals 2e 3 /n 3 = k − t 3 /n 3 . If k is even, t 3 must be even and hence t 3 ≤ k − 2. If k is odd, k < n 3 implies k ≤ n 3 − 2 (remember that n 3 is odd). Hence
Note that t 3 < n 3 implies that Γ 3 cannot be regular. Next we use the fact (see [5] , p.84) that the largest adjacency eigenvalue of a graph is bounded from below by the average degree with equality if and only if the graph is regular. Thus d 3 < 3 . We saw that 3 ≤ λ 3 , which finishes the proof. 2
The example from the introduction of a 3-regular connected graph with an even number of vertices, but no perfect matching can easily be extended to arbitrary k ≥ 3 (see [4] ). We give the description for k even. For odd k the construction is similar but slightly more complicated. Let Γ be the complete graph K k+1 from which a matching of size (k − 2)/2 is deleted. Take k disjoint copies of Γ . Add k − 2 new vertices and connect each of these vertices to a vertex of degree k − 1 in each Γ . This gives a connected k-regular graph with k 2 + 2k − 2 vertices and no perfect matching. It is not very difficult to see that both the second and third largest eigenvalue of this example are equal to the largest eigenvalue of Γ , which
. This shows that for v and k even there exist graphs with no perfect matching, for which λ 3 gets arbitrarily close to the value of Theorem 3.1. Proof. In the proof of Theorem 3.1, we saw that t i < n i for i = 1, 2 and 3. Hence there exist vertices x and y in Γ 1 and Γ 2 respectively, that are not adjacent to a vertex of S. Therefore the distance between x and y is at least 4. 2
Distance-regular graphs
The research for this note was motivated by the question: 'Do all distanceregular graphs on an even number of vertices have a perfect matching?'. (For necessary information on distance-regular graphs we refer to [1] . ) We know of no distance-regular graph that does not satisfy the condition of Theorem 3.1, but it is not immediately clear that that condition is fulfilled for all distance-regular graphs. An example that comes close is the Biggs-Smith graph, where k = 3 and λ 2 = λ 3 = (1 + √ 17)/2 ≈ 2.562. It may be possible to classify all distance-regular graphs with second largest eigenvalue larger than k − 1. But in the distance-regular case we can prove a stronger result and have the existence of perfect matchings as an immediate corollary.
Theorem 4.1 A distance-regular graph of degree k is k-edge-connected, that is, cannot be disconnected by removing fewer than k edges. Moreover, if k > 2 then the only disconnecting sets of k edges are the sets of k edges on a single vertex.
We conjecture that in fact distance-regular graphs are k-vertex-connected. This is known for strongly regular graphs ( [2] ).
Corollary 4.2 A distance-regular graph with an even number of vertices has a perfect matching.
Proof. It is known (see [4] ), that a k-regular graph with edge connectivity at least k − 1 on an even number of vertices has a perfect matching. (The result is also clear from the proof of Theorem 3. 
(
ii) Let T be a disconnecting set of edges of Γ, and let A be the vertex set of a component of Γ minus T . Fix a vertex a ∈ A and let t i be the number of edges in T that join
Proof. Because (i) and (ii) are similar, we will only prove (ii). The case i = 0 is trivial. Suppose i ≥ 1, let e i denote the number of edges in Γ between A∩Γ i−1 (a) and A ∩ Γ i (a), and put 
when T is a disconnecting set of edges none of which is incident with a.
Proof of Theorem 4.1. Suppose we remove (at most) k edges from Γ, disconnecting this graph, where none of the components consists of a single vertex. If B is the vertex set of a component such that each vertex of B is incident with at least one of the removed edges, then |B| ≤ k, and each vertex of B is on at least k − (|B| − 1) removed edges with other vertex outside B, so that |B|(k − |B| + 1) ≤ k. Since by assumption |B| > 1 it follows that |B| = k and the subgraph induced by B is complete. The local graph of Γ at a vertex of B is regular and contains a (k − 1)-clique, so is a k-clique, and also Γ itself is complete, contradiction. This means that every component has at least k + 1 vertices, and contains a vertex b not incident with any of the removed edges. If b 1 > 1, then by the above remark we have for any component with vertex set A and any vertex a ∈ A not incident with one of the removed edges
so that there is at most one component, contradiction.
Otherwise b 1 = 1, that is, k = λ + 2. We may assume that d ≥ 3, since the case d = 2 was treated in [2] . Then c i ≤ b j for i + j ≤ d implies µ = 1. Now the local graph of Γ is a disjoint union of (λ + 1)-cliques, so λ = 0 and k = 2, contrary to the assumption.
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